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Let X be a completely regular Hausdorff space and E a real Hausdorff 
topological vector space, and let /I,, and K be the substrict and compact-open 
topologies on C,(X, E) and C(X, E), respectively. If E is separable with nontrivial 
dual E’, then the following are shown to be equivalent: (1) X is separably sub- 
metrizable; (2) (C,(X)@ E, /&) is separable; (3) (C(X)@ E, K) is separable. For E a 
locally bounded space, (C,(X, E), fl,r) IS separable iff (C(X, E), K) is so. ‘!“ 1986 
Academic Press, Inc 
1. INTR~OUCTION 
Let C(X, E)(C,(X, E)) denote the vector space of all continuous (and 
bounded) E-valued functions on X. When E is the real field, these spaces 
are denoted by C(X) and C,(X). The strict topology on C,(X, E) was first 
introduced by Buck [ 1 ] in the case of A’ locally compact and E a locally 
convex space. In recent years several authors have been concerned with 
extending Buck’s results to more general cases and also with obtaining 
some variants of the strict topology (see, e.g. [Z-S, 10, 11, 13, 141). 
Gulick and Schmets [S] and, independently, Summers [ 131 have 
obtained very useful characterizations of separability for C,(X) in the sub- 
strict and compact-open topologies (see Theorem 2.1). For E a locally con- 
vex space, Choo [2] has recently considered the separability of C,(X, E) in 
the substrict topology, using tensor product methods. In this note we 
extend the results of these authors to a nonlocally convex setting. 
2. PRELIMINARIES 
Throughout this paper, unless stated otherwise, X will denote a com- 
pletely regular Hausdorff space and E a real separable Hausdorff 
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topological vector space with nontrivial dual E’. Let C(X) @ E denote the 
vector space spanned by the set of all functions of the form $0 a, where 
I,Q E C(X), a E E, and ($ @ a)(x) = $(~)a (x E X). The substrict topology /?,, 
[7] on C,(X, E) is defined as the linear topology which has a base at 0 
consisting of all sets of the form 
U(& W) = {f~ C,(X, E): &x)f(x) E W for all XE X}, 
where 4 E B,(X), the set of all bounded functions on X vanishing at infinity, 
and W is a neighbourhood of 0 in E. Let K denote the compact-open 
topology on C(X, E). On C,(X, E), we have K d b,,. 
X is called submetrizable if it can be mapped by a one-to-one functions 
onto some metric space 2. If, in addition, Z is separable, X is called 
separably submetrizable. 
We state the following result for reference purpose. 
THEOREM 2.1 ([S, 133. The following statements are equivalent. 
(1) X is separably submetrizable. 
(2) (C,(X), /3,,) is separable. 
(3) (C(X), K) is separable. 
A neighborhood W of 0 in E is called shrinkable [9] if rm’c int W for 
0 6 r < 1. By [9, Theorems 4 and 51, every Hausdorff topological vector 
space has a base of shrinkable neighoborhood of 0 and that the Minkowski 
functionals of such neighbourhoods are continuous. 
3. SEPARABILITY 
THEOREM 3.1. The following are equivalent. 
(1) X is separably submetrizable. 
(2) (C,(X) Q E, &,) is separable. 
(3) (C(X)@ E, K) is separable. 
Proof: (1) j (2) Suppose X is separably submetrizable. Then, by 
Theorem 2.1, (C,(X), &) is separable. Let {#m) and {a,} be countable 
dense subsets of (C,(X), /IO) and E, respectively. Let A be the countable 
subspace generated by {dmO a n : m, n = 1, 2 ,... } over rationals. We show 
that A is fl,-dense in C,(X)@ E. Let f~ C,(X)@ E, 4 E B,(X) with 
0 d 4 d 1, and W a neighbourhood of 0 in E. We can writef = C/= r rj, 0 bj 
($i~ C,(X), bie E). Let V be a balanced neighbourhood of 0 in E with 
v+ v+ ... + V (2p-terms) G W. Choose r > 1 such that each biE rV. Let 
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S=max{)l+J: 1 <i<p 1. For each i= l,..., p, there exist 4,,,, E (d,??) and 
u,,,E{u,) such that Ild(~,,-~,)lI<I/r(s+l) and a,,-h,~(l/r(s+l))I’. 
Note that /l@,,j/ < s + 1. Let g = z,/= , dVz, 0 a,. Then g E A and, for any 
x E x, 
4(xNg(x) -f(x)) 
= f d(x) ~m,(x)(an, -hiI + f: 4(X)(dm,(-~) - $,(x)1 b, 
i= 1 ,=l 
E~(Y+ ... + V(p-terms))+ $(V+ ... + V(p-terms))c W. 
Hence g-f E U(& W), as required. 
(2) = (3) If (C,(X)@ E, PO) is separable, then (C,(X)@ E, K) is also 
separable. Since C,(X) is k-dense in C(X), it follows that C,(X)@ E is 
K-dense in C(X) @ E. Thus (C(X) 0 E, K) is separable. 
(3)* (1) Suppose (C(X)@ E, K) is separable. Let hi E’ with h #O. 
Define T,,: (C(X)@ E, K) -+ (C(X), K) by Th(,f) = h 1.f (f E C(X)@ E). It is 
easy to verify that T, is continuous and onto. So (C(X), K) is separable and 
hence, by Theorem 2.1, X is separably submetrizable. 
The following extends [ 14, Theorem 21 to vector-valued functions. 
COROLLARY 3.2. Let X he locally compact o-compuct. Then 
(C,(X) @ E, PO) is separable iff X is metrizuhle. 
Choo’s main result [2, Theorem 51 is contained in 
COROLLARY 3.3. Suppose either X has finite covering dimension or E is 
locally convex, or E is complete metrizuhle wlith a basis. Then the-following 
are equivalent. 
( 1) X is separably suhmetrizuhle. 
(2) (C,(X, E), PO) is separable. 
(3 ) (C( X, E), K) is separable. 
In fact, each of the above restriction on A’ or E implies that C,(X) @ E is 
&-dense in C,(X, E) [6,7] and that C(X) @ E is K-dense in C(X, E) 
[lo, 123. It is not known whether or not these “density” results hold for E 
a locally bounded space. However, we can prove 
THEOREM 3.4. Let X be any Hausdorff space and E any locally bounded 
space. Then (C,(X, E), /IO) is separable iff (C(X, E), K) is so. 
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Proof. Let {f”} b e a countable rc-dense subset of C(X, E). Let I/ be a 
balanced bounded neighborhood of 0 in E, and let S be a closed shrinkable 
neighborhood of 0 with SG V. The Minkowski functional p of S is con- 
tinuous and positive homogeneous and, consequently, for each m = 1,2,..., 
the function h, : E + E defined by 
1 
a if aEmS 
h,(a)= m 
pea 
if aEE\mS 
is continuous. Further, h,(E) c mS shows that the functions 
h;f,ECJX, E). We show that {hm.fn: m,n= 1,2,...} is a,-dense in 
C,(X, E). Let f~ C,(X, E), #E B,(X) with 0~4 Q 1, and W a 
neighborhood of 0 in E. Choose r 3 1 such that V+ VG rS and 
V+ VG r W. Choose an integer A4 b 1 with f(X) s (M/r) V. Let K be a 
compact subset of X such that b(x) < l/rM for x E x\K. There exists an 
integer N such that (fN -f)(K) c (l/r) V. Let YE X. If y E K, then 
f,,(y) E MS and so 
d(y)(h,of,(y)-f(y))=~(y)(f,(y)-f(y))E W 
If y E x\K, then 
d(y)(h,wOfdY)-f(y)) 
4(Y)(fN(Y) -f(Y)) if fN( Y) E MS 
= 
i [ 
4(Y) p(f;y)) /,o-o] if fN(~bE\MS 
N 
td(y)(MS-; v), w. 
Thus h M’fN -f E (/(h w). 
Conversely, suppose (C,(X, E), /IO) is separable. Then (C,(X, E), K) is 
also separable. So we only need to show that C,(X, E) is K--dense in 
C(X, E). Letf6 C(X, E) and K be a compact subset of A’. If Y is a bounded 
neighbourhood of 0 in E, let S be a closed shrinkable neighbourhood of 0 
with S c V. Choose A4 >, 1 with f( K) E MS. Then, as in the above proof, we 
get a function h,ofECh(X, E) such that h,of(x)-f(x)=0 for all XGK. 
This completes the proof. 
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